intertwining the actions of t he group. We investigate the consequences of assuming one or the other of these notions o % f isomorphism for such tilings.
In
we analyzed the rotational symmetry of such hierarchical structures, and found a ) way to associate a useful invariant for measurable conjugacy; the methods used would not can ¤ Mozes' theorem be strengthened to give a topological conjugacy? We answer this q X uestion in the negative, exhibiting explicit substitution subshifts with and then in general in [GoS ] .
!
In each case a measurable conjugacy is constructed, but the map is only continuous after exclusion of certain sets of measure zero.
A
We demonstrate, as with subshifts, that these theorems cannot be strengthened to the topological category: there exist substitution tiling systems that are measurably conjugate to finite type tiling systems but which are not topologically conjugate to any finite type tilin g system. In both settings, with subshifts and tilings, we give conditions, easily satisfied in natural e g xamples, for which such a topological conjugacy is not possible. However, the two cons ¤ tructions are somewhat different for there are important properties of subshifts whose natural analogues do not hold for tilings. For instance, for subshifts it is well known that e g very topological conjugacy is a sliding block code while for tilings we show this to be false. Thi s last point is both surprising and profound. The continuous nature of the
ns allows for two kinds of small changes to a tiling. Tiles may be changed near in p finity, or a small Euclidean motion may be applied to the entire tiling. Neither notion is topologically invariant since, as we show, a topological conjugacy can encode pattern information from distant regions as small Euclidean motions near the origin. This mechani q sm, which has no analogue in the theory of subshifts (where the translation group acts ) discontinuously), indicates that the nature of topological conjugacies of tilings is much s # ubtler than topological conjugacy of subshifts.
In §1 we discuss subshifts and show that many substitution subshifts are not t opologically conjugate to finite-type subshifts. In §2 we explore topological conjugacy in p tiling systems, giving an example of a conjugacy that is not a sliding block code. This 
. Note that Ã is continuous and intertwines the shifts on
; if it is also invertible it is a topological conjugacy. An equivalent description of a sliding block code of size
ions, such that, whenever 
The following theorem seems to be widely known but does not appear to be in the literature. . We assume we are given a 'substitution function'¸¹
. A word of the form
and we denote by Ò Ó t he set of all such words. Finally, we define th e substitution subshift associated with the substitution
is a simple fact that every function in such a subshift can simultaneously be considered a function with values in W Ã e will be considering the analogue among tiling systems of the substitution subshifts. Traditionally such substitution tiling systems are defined through a substitution function as for À subshifts, whereby for each letter (polyhedron) there is given a way to decompose it into polyhedra similar to those in the alphabet, all smaller by some factor Ä Å 1, so that follo 
is not an expansion by a constant f À actor. However, it is a substitution tiling system in the extended sense of this paper. -by something close to a sliding block code, as follows. First, we note that ¾ is uniformly continuous. So given
. Now it is known [RaW 
